Abstract: Plastic fl ow rule for sands with friction, dilation, density and stress state coupling. In this paper we propose a fl ow rule and failure criterion for sands in plane strain conditions based on Drucker-Prager formulation and enhanced with empirical Houlsby formula, which couples friction, dilation, density and stress state in the material. The resulting elasto-plastic, non-associated, shear hardening material model is implemented as a numerical procedure in the frame of fi nite element method and a simple compression example is presented. Because of the empirical nature of Houlsby formula, it is believed that results of numerical simulations will be more realistic both in deformation and shear strength estimation of sands.
INTRODUCTION
Elasto-plastic constitutive soil models are extensively used in numerical analysis of geotechnical structures (Zienkiewicz et al. 1999, Hicher and Shao 2013) . The key ingredients of such models are: the yield function which determines the admissible stress states and the so-called plastic potential which defi nes direction of plastic fl ow of yielding material. In case of soils these two scalar valued functions are usually considered to be not equivalent, i.e. non-associative models are developed. Moreover the shape of these functions depend on history and the current state of the material and in this context hardening and softening soil models are investigated. In case of granular media, like sands, the plastic behavior on shear is infl uenced mostly by the current hydrostatic stress and the relative density of the material. Other variables, like grain shape and size (Cox 2008) , are also considered in this context.
Pressure dependence is inscribed into yield functions used commonly in soil mechanics like Mohr-Coulomb, Drucker-Prager, Matsuoka-Nakai. In original formulations of these functions the friction angle parameter is considered to be constant. Similarly the related plastic potential functions are parameterized with constant dilation angle. Soil models with shear hardening, will take into account interdependence between friction and dilation parameters and their relation to other material state parameters, see for example Mróz et al. (1983) , Schanz et al. (1999 ), Chu et al. (2010 and many others. In these models dilation plays a key role, especially in soils denser than their critical state, which is almost always in case of natural sand or gravel deposits.
In this paper we propose such a hardening failure criterion and a fl ow rule for sands in plane strain conditions. The key idea is given by Bolton (1986) , who suggested that the friction angle is the sum of the critical friction angle and the dilation angle, and the dilation angle is the function of the mean effective stress and the relative density. The dilatancy will vanish when critical state is reached. Houlsby (1991) In the following we present the governing equations for elasto-plasticity and we formulate the Drucker-Prager type yield function and plastic potential. Next we present the Houlsby formula and its consequences when it is used as a fl ow rule. Finally, illustrative numerical results are provided. To the best of our knowledge the Houlsby formula was not yet used in the numerical context presented in this paper.
MATERIAL AND METHODS

Elasto-plasticity -governing equations and solution
We will consider non-associated elasto--plasticity under regime of small strains where the classical additive decomposition of strain rate tensor into elastic and plastic part can be given:
The elastic part of strain rate is related to the stress rate tensor via Hook's law:
where C ijkl is a fourth order elastic tangent stiffness tensor. The plastic part of the strain rate is given by the fl ow rule:
where γ is a magnitude of the plastic strain rate and M ij is a tensor representing direction of the plastic fl ow. Plastic strain rate direction is commonly obtained as a normal to the function g(σ ij ), called plastic potential:
We introduce now a scalar yield function f(σ ij ) which determines possible stress states in the material. By convention if f(σ ij ) < 0, then the deformation is purely elastic, if f(σ ij ) = 0, then continued plastic deformation occurs and the f(σ ij ) > 0 is not allowed.
When plastic fl ow occurs it is assumed that f(σ ij ) remains equal to zero. This is the so called consistency condition and is written as:
where B ij is a gradient of yield function at the current stress state.
Solution of the above governing equations goes as follows. We introduce equation (3) to (1) having:
Introducing the above to (2) we get:
Substituting:
and
we have:
Let's insert now the above equation to (5):
what give us the positive scalar γ , as:
Replacing this result in (10) give us finally:
Recalling that B ij is a tensor normal to the yield function the above equation is geometrically interpreted as an oblique projection of the trial elastic stress rate to the yield function (Brannon 2002). Direction of this projection is given by tensor A ij defi ned by (9), whereas the plane of projection is given by normal B ij to the yield function. Note that none of the tensors used in this equation needs to be unitary.
For fi nite element method analysis an elasto-plastic tangent stiffness tensor is also derived, relating strain rate to stress rate. It is given by:
Drucker-Prager yield function and plastic potential
Assuming negative sign of compressive normal stresses, the Drucker-Prager (DP) yield function can be written as:
with: J 2 -second invariant of the stress deviator (s ij ); I 1 -fi rst invariant of stress tensor; α, k -parameters given in terms of peak friction angle ( ) φ and cohesion (c).
In case we use compression fi t of Mohr-Coulomb (MC) yield surface (Maïolino and Luong 2009 ) these parameters are given by:
For sands k is assumed to be zero, because of no cohesion. Normal to this yield function is then written as:
where δ ij is Kronecker's delta. Similarly, the plastic potential function of the form:
can be used, with β commonly taken as:
where ψ is known as a dilation angle.
Normal to the plastic potential is then given as:
Friction, dilatancy and stress state coupling
It is known from laboratory evidence that both frictional parameters φ and ψ are not constants and in general they depend on each other, on the current density of the material and on the current stress state. This dependence is especially visible in case of non-cohesive soils, like sands and gravels. For sands in plane strain conditions the Houlsby formula (Houlsby 1991) for dilation angle can be used ( Fig. 1 This formula clearly covers the effect of increase of the dilation angle due to increasing relative density and its decrease due to growing hydrostatic stress. The peak friction angle defi ning the failure yield surface can be then calculated from Bolton (1986) experimental relation:
where cs φ is the critical state friction angle assumed to be constant, i.e. not related to the density nor stress state. This value can be treated as the material parameter and it can be calculated from given initial φ and ψ values established for the same stress state and density index or it can be derived directly from laboratory tests. 
RESULTS AND DISCUSSION
Numerical implementation
The considered non-associated DruckerPrager criterion with shear hardening driven by relative density has been implemented as a numerical procedure in the frame of fi nite element method software -fempy (Wojciechowski 2014 
Numerical example
For demonstration purposes a simple plane strain compression problem has been performed. The rectangular sample of dimensions 35 × 70 mm is fi lled by a moderately compacted medium sand with the relative density index I D0 = 0.4 and void ratios limits e min = 0.3 and e max = = 0.75. It is assumed that the critical state friction angle is known and takes the value cs φ = 30°. Assuming the initial mean stress p 0 = -150 kPa, the value of the initial dilation angle ψ = 6.25° is calculated from (22) and peak friction angle φ = 35° is taken from (23). Current numerical implementation does not include evolution of elastic properties with density changes thus constant Young modulus E = 50 MPa and Poisson's ratio v = 0.25 are taken for this example.
Sample has been fi rst isotropically compressed with the initial stress p 0 = = -150 kPa. Next the bottom edge was fi xed and the top was loaded by vertical displacement up to the value 2 mm keeping the top horizontal displacements equal to zero. Distribution of the plastic volumetric strains, mean stress, relative density and dilation angle inside the sample after fi nal loading step are shown on Figure 4 . Clear plastic zones with loosening of the material are visible on the volumetric strain picture. In these zones also the dilation angle decreases most signifi cantly (because of loosening). Also the increase of stresses leads to decrease of dilation angle with most signifi cant changes near the top and bottom edges, where the mean compression stresses are the largest.
For comparison purposes similar calculation was performed by means of regular non-associated Drucker-Prager failure criterion with initial friction and dilation angles. Evolution of volume changes at the center point of the sample for both calculations is shown on Figure 5 . After initial elastic compression material starts to dilate plastically and the rate of volume change is clearly smaller when dilation angle is evolving. It's worth to note that possible maximum volume change is limited in this case since continuous plastic loosening leads to decrease of dilation angle and, in extreme cases, can lead to plastic contraction. This is not true when ψ is constant -plastic volume change is then always positive and is not limited. On Figure 6 deviatoric stresses are shown, also at sample center point. The strength of the material is clearly lower when dilation angle is evolving. This behavior is introduced directly by Bolton equation (23), and would not be present if simply regular non-associated Drucker--Prager criterion with decreased dilation angle is used. Also in case of evolving dilation angle the stress deviator starts to decrease after reaching the peak value, what is almost not visible in case of constant dilation and friction angles. Clearly modifi ed fl ow rule covers the fact that material strength decreases when plastic loosening proceeds.
CONCLUSIONS
Houlsby empirical formula relating dilation angle with relative density and mean stress has been investigated and used as a fl ow rule in numerical simula-FIGURE 5. Volume changes at the center point of the loaded sample for evolving and constant dilation angle FIGURE 6. Stress deviator changes at the center point of the loaded sample for evolving and constant dilation angle tion of sand in plane strain conditions. The formula showed to be useful in this numerical context and it is believed that results of simulations are more realistic both in deformation and shear strength estimation, when it is applied. The following additional remarks can also be drawn here:
Drucker-Prager criterion is used in this paper for modeling plastic behavior of sand, however this is just a matter of choice; other yield function and plastic potential can also be used, unless they use friction and dilation angles as input parameters (e.g. Mohr-Coulomb or Matsuoka--Nakai); in numerical example, the peak strength of the material is determined by current relative density and mean stress and also the post peak softening behavior is covered; this is an advantage in comparison to regular non--evolving Drucker-Prager fl ow rule; plastic loosening of the material will be limited if modifi ed fl ow rule is used; plastic volume changes will tend to zero when critical state ψ = 0, cs φ φ = is approached; however reaching this state is virtually not possible in numerical simulation with small strains assumption; better covering of laboratory tests needs to enrich the model also with evolution of the elastic properties; such double hardening of the material is present for example in the model of Schanz et al. (1999) ; Houlsby Finally it is concluded that application of the considered empirical formula do not increase numerical cost of general implementation of elasto-plasticity. However, if we take for comparison simple yield functions, like regular DruckerPrager one, where the directions B ij , M ij are constant, and do not need to be constantly recalculated, the additional costs could be remarkable.
